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Molecular dynamics studies of strongly coupled charged particle bilayers at finite temperatures
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The structure of strongly coupled charged particle bilayers was investigated using molecular dynamics
simulation, in a wide range of the plasma coupling parameterG520–100. The simulations showed the exis-
tence of a series of structural transformations, controlled by the separation of the layers. At high values ofG
a pronounced long-range order was found to develop at intermediate layer separations, with staggered square
lattice configuration. The results show a fair agreement with those obtained by hypernetted chain calculations,
in terms of intralayer and interlayer pair correlation functions and structure functions.
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I. INTRODUCTION

Multilayered structures of charged particles can be re
ized in various physical systems, e.g., ion traps@1,2#, semi-
conductor devices@3–6#, and electrical discharges containin
dust particles@7–10#. Bilayers, where the charged particle
are confined in two quasi-two-dimensional layers repres
the simplest form of multilayered systems. It was sho
both experimentally@1# and theoretically@11–15# that bi-
layer systems exhibit different structural transformatio
when the system parameters are changed. In this study
consider onlysymmetricbilayers where the density of th
~singly charged! particles is the same in both layers.

Bilayers consisting ofclassicalpoint charges, which in-
teract through the three-dimensional Coulomb potential
be characterized by two variables.

~i! The coupling parameterG defined in the same manne
as in the case of a single layer~two-dimensional one-
component plasma@16,17#!:

G5
q2

akT
, ~1!

wherea5(np)21/2 is the Wigner-Seitz~WS! radius (n is the
surface density of particles,k is the Boltzmann constant,q is
the charge of the particles, andT is the temperature!.

~ii ! The separation of the two layers, in units of the W
radiusd/a.

Calculating the energies of different crystalline phases
zero temperature, Goldoni and Peeters identified a sequen
of structural changes with changing the layer separation@18#.
They have found that at very low layer separations a sim
hexagonal phase has the lowest energy. With increa
layer separation the lattice is deformed to a staggered r
angular configuration, which subsequently changes to s
gered square lattice, at approximatelyd/a50.46. The stag-
gered square phase with further increasing layer separa
~at d/a51.1) changes to staggered rhombic configurat
and finally to staggered hexagonal form~at d/a51.3). The
different lattice structures and the correspondingd/a values
are shown in Fig. 1.
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The first calculations for the static behavior of charg
particle bilayers at nonzero temperatures were carried ou
Valtchinov et al. @11,12# and Kalmanet al. @13–15#, using
the hypernetted chain~HNC! technique@19#. This work has
provided results for the liquid phase in terms of a catalog
of intralayer g11(r ) and interlayerg12(r ) pair correlation
functions and the companionS11(k) and S12(k) structure
functions, for a wide range ofG andd/a values. The work
also has shown that in the strongly coupled liquid phas
series of structural phase changes exist, not dissimila
those found for the solid phase in Ref.@18#.

In the analysis of the structures of two-dimensional~2D!

FIG. 1. The principal lattice configurations of symmetric bila
ers at zero temperature, according to Ref.@18#.
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and 3D one component plasma~OCP! systems Monte Carlo
~MC! and molecular dynamics~MD! studies have proven to
be important complements to theoretical investigations@20–
23#. With respect to the pair correlation function, the HN
calculations usually show wider and lower-amplitude pe
than the results of the MC or MD simulations. The study
charged particle bilayers via computer simulations a
should provide important further insight into the static pro
erties, correlation functions, etc., and, indirectly, into t
phase structure of these systems.

Strongly coupled classical charged particle bilayers w
generated by the NIST group@1,2# in cryogenic ion traps.
The coupling parameterG in these experiments was hig
enough to bring the system in the crystalline phase. The v
ous predicted layered structures@11,18# were observed a
layer separations, which were in good agreement with th
retical values. Presently there are no experimental data on
strongly coupled liquid state, although such experimen
data may become available in the near future. As to e
tronic bilayers, ther s values for which 2D or layered sem
conductor structures so far have been fabricated (r s,15) are
not high enough for structural transformations to be obser
@5,24,25#.

In this paper we report a molecular dynamics study
strongly coupled (G@1) charged particle bilayers. Section
of the paper describes the simulation technique, while
results are presented in Sec. III. The summary of the wor
given in Sec. IV.

II. SIMULATION TECHNIQUE

In the calculations the particle-particle particle-me
~PPPM! method, developed by Hockney and Eastwo
@26,27# was used. This method makes it possible to simu
large ensembles of particles interacting through long-ra
forces. The force of interaction in not truncated but it
partitioned to a long-range force~that can be represented o
a mesh! and a short-range ‘‘correction’’ force—which, to
gether with the mesh-force gives the exact~Coulomb! inter-
action force. We used a two-dimensional variant of the al
rithm and transformed the two layers into a single lay
where pairs of particles had interaction potentials accord
to

Ff11f12

f21f22
G5q2F r 21 ~r 21d2!21/2

~r 21d2!21/2 r 21 G , ~2!

where f i j is the potential between two particles situat
originally in layer i and j, respectively.

In the simulations presented here the number of parti
was set to 1600 in both layers~with periodic boundary con-
ditions! and at the start of the simulations random init
particle configurations were set up. The initial velocities
the particles were sampled from a Maxwellian distributi
with a temperature corresponding to the prescribed valu
G. The system was then thermostated for 6000 time st
and the pair correlation functions were obtained in the n
several thousand~2000–10 000! time steps following the
thermostation period. The stability of the system was mo
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tored by recording the temperature~calculated from the ki-
netic energy of particles!. No observable self-heating oc
curred during the time of simulations. Tests of the simulat
program in the limits of large and zero layer separatio
showed that the pair correlation functions are in very go
agreement with those obtained from Monte Carlo simu
tions of a single two-dimensional layer of charged partic
@21#. The effect of different initial configurations of particle
was also tested and the sensitivity of the results on the in
conditions was found to be marginal.

The present calculations were carried out forG520, 40,
60, 80, and 100 and for layer separations in the rang
<d/a<3. The main results of the simulations are the int
layer @g11(r /a)# and interlayer@g12(r /a)# pair correlation
functions. We also obtained snapshots of particle position
illustrate the different structures arising, and determined
coordination numbers to investigate the changes between
different structural phases. The intralayer (r) and interlayer
(s) coordination numbers were calculated from the pair c
relation functions

r i52pnE
mi

Mi
rg11~r !dr, ~3!

FIG. 2. Intralayer~a! and interlayer~b! pair correlation func-
tions atG580, obtained from the MD simulations.
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s i52pnE
mi

Mi
rg12~r !dr, ~4!

wheremi and Mi are the positions of the minima ofg(r )
preceding and following thei th peak ofg(r ), respectively
@11#.

The bilayer system is also characterized by the intrala
and interlayer structure functions, which are calcula
through the Hankel transform of the pair correlation fun
tions:

S11~k!5112pnE
0

`

@g11~r !21#rJ0~kr !dr, ~5!

S12~k!52pnE
0

`

@g12~r !21#rJ0~kr !dr, ~6!

whereJ0 is the zero-th order Bessel function. In our calc
lations the integration was carried out up to a cutoff value
r ~see later!.

FIG. 3. Intralayer~a! and interlayer~b! pair correlation func-
tions atG520, obtained from the MD simulations.
06150
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III. RESULTS

The pair correlation functions obtained from the M
simulations atG 5 80 are shown in Fig. 2. The plot ofg12
@see Fig. 2~b!# indicates that at separations exceedingd/a
'2.0 there is no appreciable correlation between the
layers. Above this value ofd/a the intralayer correlation
function @see Fig. 2~a!# is the same as that of an isolate
two-dimensional layer. As the layer separation is decrea
it is first the interlayer correlation function that shows t
onset of coupling between the two layers. The intralayer c
relation, however, remains practically unperturbed untild/a
'1.4 is reached. A remarkable feature of the system is
appearance of a pronounced long-range order at interme
layer separation, aroundd/a50.8, shown by both of theg11
andg12 functions. Here the order extends far beyond that
an isolated layer, indicating that at these intermediate va
of d/a the two layers support each other to establish a lo
range order. In this range of layer separation the system
the staggered square configuration. The present finding
agreement with recent observations of Schweigertet al.
@28,29# who have found that among the different Wign
crystal configurations the square lattice has the highest m
ing temperature.

This enhanced long-range order, however, only devel
at high values ofG. At lower values, e.g., atG520, no such
effect is observed as it can be seen in Fig. 3, where
correlation functions are displayed. Nevertheless, the in
layer correlation is the strongest aroundd/a'0.6.

The first three intralayer (r1 ,r2 ,r3) and interlayer (s1 ,
s2 ,s3) coordination numbers calculated from the pair co

FIG. 4. The first three intralayer (r1 ,r2 ,r3) and interlayer
(s1 ,s2 ,s3) coordination numbers as a function ofd/a, for G
580.
4-3
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Z. DONKÓ AND G. J. KALMAN PHYSICAL REVIEW E 63 061504
relation functions@using Eqs.~3! and~4!# are plotted in Fig.
4, for G580. At d/a50, i.e., in the hexagonal phase, th
coordination numbersr1 ands1 are approximately equal to
3. This shows the existence of the substitutional disord
where some of the particles occupy the sites appropriate
the other layer. The existence of this substitutional disor
was already found by the HNC calculations@11,14#. In the
absence of disorderr152 and s154 should hold, which
values are actually approached with increasingd/a.

With increasing layer separation the coordination nu
bers clearly show the formation of the staggered square
tice configuration, in the 0.6<d/a<0.8 range. This structure
is characterized byr15r25s15s354, and s258. The
valuer3512 shows that two closely separated shells situa
at r /a53.545 andr /a53.963 are not resolved ing11(r /a)
due to the nonperfect lattice structure. It is noted that acco
ing to the calculations of Goldoni and Peeters@18# the stag-
gered square configuration has the lowest energy at l
separations 0.46,d/a,1.1. In our case this structure is e
tablished at somewhat higher values ofd/a, compared to the

FIG. 5. ~a! The dependence of the first shell coordination nu
bersr1 ands1 on d/a, for different values of the coupling param
eter G. ~b! The limiting value ofd/a, for which the substitutional
disorder is dominant, as a function ofG.
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zero-temperature, perfect-lattice calculations. We have v
fied, however, that the onset of this structure is shifted
wards lowerd/a values whenG is increased.

As the layer separation is further increased, aroundd/a
50.9, a sudden change of the coordination numbers is
served~see Fig. 4!. On the other hand, according to Ref.@18#
the staggered square phase is transformed continuous
staggered hexagonal structure through a rhombic form.
abrupt change in the coordination numbers is caused by
fact that the coordination shells that would be narrowly se
rated by less than a critical distance in the solid phase are
resolved in the liquid phase. Thus a small change in
underlying lattice structure may cause a sudden merging
two adjacent shells and result in a correspondingly enlar
coordination number. The coordination numbers at la
separations aboved/a'1.3, r156, r2512, andr3518 cor-
respond to the hexagonal lattice structure, found within b
layers.

The dependence of the substitutional disorder onG is in-

- FIG. 6. Intralayer~a! and interlayer~b! pair correlation func-
tions forG580 andd/a50.6. The heavy vertical lines indicate th
positions of coordination shells for a perfect staggered square
tice; the height is proportional to the number of particles in t
given shell.
4-4
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MOLECULAR DYNAMICS STUDIES OF STRONGLY . . . PHYSICAL REVIEW E63 061504
vestigated in Fig. 5. Figure 5~a! shows the coordination num
bersr1 ands1 as a function ofd/a, for different values ofG.
The substitutional disorder disappears faster at higherG. We
can say that the disorder is dominant as long ass12r1,1

FIG. 7. Snapshots of particle positions at different layer sep
tions at G580. The figures show superimposed view of the tw
layers; they display one quarter of theLs3Ls simulation square.~a!
d/a50, ~b! d/a50.6, ~c! d/a51.0. The particles situated in layer
1 and 2 are represented by filled and open circles, respectively
06150
~at d/a50, i.e. in the case of complete disorders12r150,
while in the ordered hexagonal phase, in the absence of
orders12r152). Figure 5~b! shows the value of the laye
separation (d/a)S as a function ofG where the ‘‘disorder
parameter,’’ s12r1 reaches 1. The layer separations o
tained this way are in fair agreement with those obtain
from the theoretical calculations yielding (d/a)S
51.23G21/2 @11# @see Fig. 5~b!#.

The present MD simulations give very accurately the p
sitions of the peaks of the pair correlation functions. This
illustrated in Fig. 6, whereg11(r /a) andg12(r /a) are plotted
for G580 andd/a50.6, together with the peak position
corresponding to a perfect staggered square lattice.

Snapshots of particle positions obtained atG580 and
d/a50, 0.6, and 1.0 are displayed Fig. 7. Atd/a50 the
hexagonal structure clearly appears in some regions~recall
that at d/a50, G580A2'112, which still belongs to the
fluid phase of a single isolated layer!. The staggered squar
structure is pronounced atd/a50.6, while at the highes
layer separationd/a51, the staggered square configurati
is basically wiped out and some grains with staggered rho
bic structure can be identified@see Fig. 7~c!#. In our case the
staggered hexagonal structure, predicted atT50 for large

a-

FIG. 8. Intralayer (g11) and interlayer (g12) pair correlation
functions obtained from MD~thin line! and HNC~heavy line! cal-
culations, for different layer separations, atG580.
4-5
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Z. DONKÓ AND G. J. KALMAN PHYSICAL REVIEW E 63 061504
layer separations, cannot be observed by looking at par
positions, due to the kinetic energy of the particles wh
dominates over the interlayer potential energy in this ra
of d/a.

The pair correlation functions obtained from the pres
MD simulations are compared to those of the HNC calcu
tions in Fig. 8, forG580. When the two layers are not sep
rated, the positions of the peaks of the HNC pair correlat
functions are the same as in the case of MD data. The hei

FIG. 9. ~a!,~b! Structure functions of the charged particle bilay
for selected values ofd/a, at G520. ~c! Difference of diagonal~L!
and off-diagonal~N! elements of the inverse compressibility matr
as a function ofd/a, extracted fromS(k) data (G520).
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of the peaks are, however, significantly ('25%) smaller in
the case of HNC results. The MD data at the same ti
predict stronger long-range order. This is even more p
nounced at intermediate layer separations, e.g., atd/a50.6,
as illustrated in Fig. 8~b!. Here the HNC predicts a long
range order up tor /a'6, while the pair correlation functions
obtained from the MD simulations exhibit peaks well beyo
this limit. In this case even the positions of the peaks sho
small difference, indicating that the two techniques pred
somewhat different structures.

The S11(k) andS12(k) structure functions obtained from
the MD calculations are plotted in Figs. 9~a! and 9~b! for
selected values of the layer separationd/a, at G520. The
values of the structure functions taken atk50 satisfy the
perfect screening sum rule within the uncertainty of the c

FIG. 10. IntralayerS11(k) and interlayerS12(k) structure func-
tions obtained from MD~thin line! and NHC~heavy line! calcula-
tions, for different layer separations, atG520.
4-6
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MOLECULAR DYNAMICS STUDIES OF STRONGLY . . . PHYSICAL REVIEW E63 061504
culations~see, e.g., Ref.@11#!:

S11~k50!52S12~k50!5S0 . ~7!

The relation betweenS0 and the diagonal~L! and off-
diagonal~N! elements of the inverse compressibility matr
@14#

S05
1

2

1

L2N12~d/a!G
~8!

also makes it possible to obtainL2N as a function of the
layer separation. The results obtained from the MD data
well as the results of the HNC calculations are displayed
Fig. 9~c!, for G520. Good agreement is found between t
two sets of data obtained by the different techniques.

The S11(k) andS12(k) structure functions obtained from
the MD and HNC calculations are compared in Fig. 1
where the data are presented forG520. The agreement be
tween the two sets of data is acceptable, the MD simulati
result S(k) functions with higher and sharper peaks co
pared to the HNC calculations, in accordance with the d
ferences in pair correlation functions.

Based on the present MD simulations, the structure fu
tions could be determined only for theG<40 range of the
coupling parameter. We have encountered difficulties w
we tried to calculate the structure functions at higher val
of G, where the long-range order extends to very highr /a
values. AtG580, in the staggered square phase the lo
range order has been observed even at the limitingr /a value
@(r /a)max517.7# in our simulations. In order to obtain th
structure functions at these high values ofG with a good
accuracy, the size of the system~number of particles! should
significantly be increased. Even in theG<40 range the cut-
off value of r /a used in the evaluation of structure functio
@Eqs. ~5! and ~6!# had to be chosen carefully, to avoid th
influence of the statistical noise of theg(r /a) functions at
high values ofr /a. @The structure functions presented he
were calculated using (r /a)cutoff57.3.#
,

.

an

el

.

.
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IV. SUMMARY

In this paper, we have reported the results of molecu
dynamics simulations of strongly coupled, classical, sy
metric charged particle bilayers. The simulations show a
quence of structural changes as the separation of the
layers is increased. We also observe a substitutional diso
at low layer separations and its gradual disappearance
increasingd/a. Our calculations show that at higherG values
~e.g., G580) and at intermediate layer separations a v
pronounced long-range order, with staggered square par
positions develops at intermediate layer separations
<d/a<0.8. This observation is in agreement with rece
theoretical findings that the staggered square phase of
bilayer Wigner crystal is the most stable amongst the p
sible lattice configurations.

The intralayer and interlayer pair correlation functions,
well as the structure functions are found to be in fair agr
ment with those obtained in previous hypernetted ch
~HNC! calculations. The MD data show that a more pr
nounced structure is established within and between the
ers, compared to the predictions of the HNC method. T
structure functions obtained from our simulations are fou
to satisfy the perfect screening sum ruleS11(k50)
52S12(k50)5S0. The dependence ofS0 and that of the
difference of the diagonal and off-diagonal elements of
inverse compressibility matrix (L2N) on d/a show a good
agreement with the results of HNC calculations. The sta
tical noise of the molecular dynamics simulation and t
limited range of particle separations (r /a) for which the pair
correlation functions could be determined, have restricted
range ofG for which theS(k) functions could be calculated
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