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Molecular dynamics studies of strongly coupled charged particle bilayers at finite temperatures
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The structure of strongly coupled charged particle bilayers was investigated using molecular dynamics
simulation, in a wide range of the plasma coupling parameéte20—-100. The simulations showed the exis-
tence of a series of structural transformations, controlled by the separation of the layers. At high védlues of
a pronounced long-range order was found to develop at intermediate layer separations, with staggered square
lattice configuration. The results show a fair agreement with those obtained by hypernetted chain calculations,
in terms of intralayer and interlayer pair correlation functions and structure functions.
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[. INTRODUCTION The first calculations for the static behavior of charged
particle bilayers at nonzero temperatures were carried out by

Multilayered structures of charged particles can be realValtchinov et al. [11,12 and Kalmanet al. [13—15, using
ized in various physical systems, e.g., ion tr@p|, semi-  the hypernetted chai(HNC) technique[19]. This work has
conductor deviceg3—6], and electrical discharges containing provided results for the liquid phase in terms of a catalogue
dust particle§7-10]. Bilayers, where the charged particles of intralayer g,4(r) and interlayergq,(r) pair correlation
are confined in two quasi-two-dimensional layers represerfunctions and the companio8,,(k) and S;5(k) structure
the simplest form of multilayered systems. It was shownfunctions, for a wide range df andd/a values. The work
both experimentally{1] and theoreticallyf11-15 that bi- also has shown that in the strongly coupled liquid phase a
layer systems exhibit different structural transformationsseries of structural phase changes exist, not dissimilar to
when the system parameters are changed. In this study wkose found for the solid phase in RgL8].
consider onlysymmetricbilayers where the density of the In the analysis of the structures of two-dimensio(&D)
(singly chargedl particles is the same in both layers.

Bilayers consisting otlassical point charges, which in- L. Hexagonal
teract through the three-dimensional Coulomb potential can
be characterized by two variables. d/a =0

(i) The coupling parametdr defined in the same manner
as in the case of a single laygtwo-dimensional one-
component plasmgL6,17): 11. Staggered rectangular

q? d/a <046
r=—— &

—12; . . . . II1. Staggered square
wherea=(nm) is the Wigner-SeitzWS) radius fi is the

surface density of particlek,is the Boltzmann constar,is 046<d/a <1.1
the charge of the particles, afdis the temperatuje

(ii) The separation of the two layers, in units of the WS
radiusd/a.

Calculating the energies of different crystalline phases at
zero temperatureGoldoni and Peeters identified a sequence
of structural changes with changing the layer separdfi&h Ll<d/a <13
They have found that at very low layer separations a simple
hexagonal phase has the lowest energy. With increasing
layer separation the lattice is deformed to a staggered rect-
angular configuration, which subsequently changes to stag-
gered square lattice, at approximatelia=0.46. The stag-
gered square phase with further increasing layer separation 13<d/a
(at d/a=1.1) changes to staggered rhombic configuration
and finally to staggered hexagonal fofat d/a=1.3). The
different lattice structures and the correspondiiig values FIG. 1. The principal lattice configurations of symmetric bilay-
are shown in Fig. 1. ers at zero temperature, according to R&8].

1V. Staggered rhombic

V. Staggered hexagonal
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and 3D one component plasn@CP systems Monte Carlo
(MC) and molecular dynamic@vD) studies have proven to
be important complements to theoretical investigati@ts-
23]. With respect to the pair correlation function, the HNC
calculations usually show wider and lower-amplitude peaks
than the results of the MC or MD simulations. The study of _
charged particle bilayers via computer simulations also :\.:
should provide important further insight into the static prop- =
erties, correlation functions, etc., and, indirectly, into the
phase structure of these systems.
Strongly coupled classical charged particle bilayers were
generated by the NIST groufd,2] in cryogenic ion traps.
The coupling parametelr in these experiments was high
enough to bring the system in the crystalline phase. The vari-
ous predicted layered structurg$l,18 were observed at
layer separations, which were in good agreement with theo-
retical values. Presently there are no experimental data on th
strongly coupled liquid state, although such experimental
data may become available in the near future. As to elec-
tronic bilayers, the ¢ values for which 2D or layered semi-
conductor structures so far have been fabricatgd: (5) are
not high enough for structural transformations to be observe®
[5,24,23. =
In this paper we report a molecular dynamics study of o
strongly coupled > 1) charged particle bilayers. Section Il
of the paper describes the simulation technique, while the
results are presented in Sec. Ill. The summary of the work is
given in Sec. IV.

II. SIMULATION TECHNIQUE @ o5

0.0 16

In the calculations the particle-particle particle-mesh
(PPPM method, developed by Hockney and Eastwood FIG. 2. Intralayer(a) and interlayer(b) pair correlation func-
[26,27] was used. This method makes it possible to simulatdions atl'=80, obtained from the MD simulations.
large ensembles of particles interacting through long-range
forces. The force of interaction in not truncated but it istored by recording the temperatufealculated from the ki-
partitioned to a long-range forgéhat can be represented on netic energy of particlés No observable self-heating oc-
a mesh and a short-range “correction” force—which, to- curred during the time of simulations. Tests of the simulation
gether with the mesh-force gives the ex@Coulomb inter-  program in the limits of large and zero layer separations
action force. We used a two-dimensional variant of the algoshowed that the pair correlation functions are in very good
rithm and transformed the two layers into a single layeragreement with those obtained from Monte Carlo simula-
where pairs of particles had interaction potentials accordingions of a single two-dimensional layer of charged particles

to [21]. The effect of different initial configurations of particles
. o o1 was also tested and the sensitivity of the results on the initial
brud1a| T (re+d9) . conditions was found to be marginal.
Goron| | (r24+d?)"Y2 1 ' 2) The present calculations were carried out For 20, 40,

60, 80, and 100 and for layer separations in the range 0
where ¢;; is the potential between two particles situated=<d/a<3. The main results of the simulations are the intra-
originally in layeri andj, respectively. layer [g11(r/a)] and interlayer{g;o(r/a)] pair correlation

In the simulations presented here the number of particle§inctions. We also obtained snapshots of particle positions to
was set to 1600 in both layefwith periodic boundary con- illustrate the different structures arising, and determined the
ditions) and at the start of the simulations random initial coordination numbers to investigate the changes between the
particle configurations were set up. The initial velocities ofdifferent structural phases. The intralayel) (@nd interlayer
the particles were sampled from a Maxwellian distribution(o) coordination numbers were calculated from the pair cor-
with a temperature corresponding to the prescribed value dElation functions
I'. The system was then thermostated for 6000 time steps,
and the pair correlation functions were obtained in the next M.
several thousand2000-1000p time steps following the pizzq-mf Irgn(f)dr, 3
thermostation period. The stability of the system was moni- m;
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FIG. 3. Intralayer(a) and interlayer(b) pair correlation func-

tions atl’=20, obtained from the MD simulations.

M
0'i=277nf rgq(r)dr,

m

(4)

wherem; and M; are the positions of the minima a@f(r)

preceding and following théth peak ofg(r), respectively

[11].
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FIG. 4. The first three intralayerpg,p,,p3) and interlayer

(oq,0,,03) coordination numbers as a function dfa, for I"
=80.

Ill. RESULTS

The pair correlation functions obtained from the MD
simulations afi” = 80 are shown in Fig. 2. The plot @f;,
[see Fig. ?)] indicates that at separations exceediig
~2.0 there is no appreciable correlation between the two
layers. Above this value ofi/a the intralayer correlation
function [see Fig. Pa)] is the same as that of an isolated
two-dimensional layer. As the layer separation is decreased,
it is first the interlayer correlation function that shows the
onset of coupling between the two layers. The intralayer cor-
relation, however, remains practically unperturbed ushtd
~1.4 is reached. A remarkable feature of the system is the
appearance of a pronounced long-range order at intermediate

The bilayer system is also characterized by the intralayefayer separation, arourdfa=0.8, shown by both of thg;,
and interlayer structure functions, which are calculatedandgs, functions. Here the order extends far beyond that in
through the Hankel transform of the pair correlation func-an isolated layer, indicating that at these intermediate values

tions:

S;i(k)=1+2mn f:[gll(r)— 1]rdo(kr)dr,

Si(k)=27n f:[gﬂ(r)_ 1]rdo(kr)dr,

©)

(6)

of d/a the two layers support each other to establish a long-
range order. In this range of layer separation the system is in
the staggered square configuration. The present finding is in
agreement with recent observations of Schweigsral.
[28,29 who have found that among the different Wigner
crystal configurations the square lattice has the highest melt-
ing temperature.

This enhanced long-range order, however, only develops
at high values of". At lower values, e.g., df =20, no such
effect is observed as it can be seen in Fig. 3, where the
correlation functions are displayed. Nevertheless, the inter-

whereJ, is the zero-th order Bessel function. In our calcu-layer correlation is the strongest aroutith~0.6.
lations the integration was carried out up to a cutoff value of The first three intralayerg,p»,p3) and interlayer ¢,

r (see later.

o,,03) coordination numbers calculated from the pair cor-
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FIG. 5. (a) The dependence of the first shell coordination num-  FIG. 6. Intralayer(a) and interlayer(b) pair correlation func-
bersp; ando ond/a, for different values of the coupling param- tions forI'=80 andd/a=0.6. The heavy vertical lines indicate the
eterT". (b) The limiting value ofd/a, for which the substitutional positions of coordination shells for a perfect staggered square lat-
disorder is dominant, as a function bf tice; the height is proportional to the number of particles in the

given shell.

relation functiondusing Egs(3) and(4)] are plotted in Fig.
4, for I'=80. At d/a=0, i.e., in the hexagonal phase, the zero-temperature, perfect-lattice calculations. We have veri-
coordination numberp; ando; are approximately equal to fied, however, that the onset of this structure is shifted to-
3. This shows the existence of the substitutional disordenvards lowerd/a values wher” is increased.
where some of the particles occupy the sites appropriate for As the layer separation is further increased, arodtal
the other layer. The existence of this substitutional disorder=0.9, a sudden change of the coordination numbers is ob-
was already found by the HNC calculatiofsl,14). In the  served(see Fig. 4 On the other hand, according to REE8]
absence of disordep; =2 and oy=4 should hold, which the staggered square phase is transformed continuously to
values are actually approached with increadifa. staggered hexagonal structure through a rhombic form. The
With increasing layer separation the coordination num-abrupt change in the coordination numbers is caused by the
bers clearly show the formation of the staggered square lafact that the coordination shells that would be narrowly sepa-
tice configuration, in the 0s6d/a=<0.8 range. This structure rated by less than a critical distance in the solid phase are not
is characterized by,=p,=0,=03=4, ando,=8. The resolved in the liquid phase. Thus a small change in the
valuep;=12 shows that two closely separated shells situatedinderlying lattice structure may cause a sudden merging of
atr/a=3.545 andr/a=3.963 are not resolved ig,(r/a) two adjacent shells and result in a correspondingly enlarged
due to the nonperfect lattice structure. It is noted that accordeoordination number. The coordination numbers at layer
ing to the calculations of Goldoni and Peetgl8] the stag- separations abov#a~1.3,p,;=6, p,=12, andp;= 18 cor-
gered square configuration has the lowest energy at layeespond to the hexagonal lattice structure, found within both
separations 0.46d/a<1.1. In our case this structure is es- layers.
tablished at somewhat higher valuesdé&, compared to the The dependence of the substitutional disordef’ais in-
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FIG. 8. Intralayer ¢,;) and interlayer §,,) pair correlation
0.25 . — - - functions obtained from MDthin line) and HNC(heavy ling cal-
° e %0 ¢ y e culations, for different layer separations,lat 80.
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T.° o o° a °o e while in the ordered hexagonal phase, in the absence of dis-
0154 o ® & e o %, T | ordero,—p1=2). Figure %b) shows the value of the layer
- oo e ® % o o0e’ separation @/a)s as a function ofl” where the “disorder
N otod . ‘Lo e °. 0o %, o © pa_1ramete_r,”al—pl r(_aach_es 1. The Iaye_r separations _ob-
) o ° o o o e 0" tained this way are in fair agreement with those obtained
1+ %5 .o nn ° . ] from the theoretical calculations vyielding d/@)g
o5 * "o e Ty e =1.23 ~2[11] [see Fig. B)].
« ' ol o *0o ° o The present MD simulations give very accurately the po-
{ . e N p 1S g ry Ately the pc
o o o ¥ e, ° o sitions of the peaks of the pair correlation functions. This is
0.00 e il d in Fig. 6, wh /a) andgyy(r/ lotted
- — T T T T T T T illustrated in Fig. 6, wherg4(r/a) an r/a) are plotte
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for '=80 andd/a=0.6, together with the peak positions
corresponding to a perfect staggered square lattice.

FIG. 7. Snapshots of particle positions at different layer separa- Snapshots of particle positions obtained &80 and
tions atI'=80. The figures show superimposed view of the twod/a=0, 0.6, and 1.0 are displayed Fig. 7. Ata=0 the
layers; they display one quarter of thex L simulation square(a) hexagonal structure clearly appears in some regioesall
d/a=0, (b) d/a=0.6, (c) d/a=1.0. The particles situated in layers that atd/a=0, F:80ﬁ~ 112, which still belongs to the
1 and 2 are represented by filled and open circles, respectively. fluid phase of a single isolated layeiThe staggered square

structure is pronounced at/a=0.6, while at the highest
vestigated in Fig. 5. Figure(8 shows the coordination num- layer separatioml/a= 1, the staggered square configuration
bersp, ando; as a function ofi/a, for different values of". is basically wiped out and some grains with staggered rhom-
The substitutional disorder disappears faster at high&Ve  bic structure can be identifigdee Fig. 7c)]. In our case the
can say that the disorder is dominant as longras p;<1 staggered hexagonal structure, predicted at0 for large

x/L
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FIG. 10. IntralayerS;4(k) and interlayerS,,(k) structure func-

tions obtained from MDOthin line) and NHC (heavy ling calcula-
tions, for different layer separations, at= 20.

d/a

of the peaks are, however, significanth 25%) smaller in

FIG. 9. (a),(b) Structure functions of the charged particle bilayer the case of HNC results. The MD data at the same time
for selected values af/a, atI"=20. (c) Difference of diagonall) predict stronger long-range order. This is even more pro-
and off—dia}gona[N) elements of the inverse compressibility matrix nounced at intermediate layer separations, e.gl/at 0.6,
as a function od/a, extracted fromS(k) data ("= 20). as illustrated in Fig. ®). Here the HNC predicts a long-

range order up to/a~ 6, while the pair correlation functions
layer separations, cannot be observed by looking at particlebtained from the MD simulations exhibit peaks well beyond
positions, due to the kinetic energy of the particles whichthis limit. In this case even the positions of the peaks show a
dominates over the interlayer potential energy in this rangsmall difference, indicating that the two techniques predict
of d/a. somewhat different structures.

The pair correlation functions obtained from the present The S;;(k) and S;,(k) structure functions obtained from
MD simulations are compared to those of the HNC calculathe MD calculations are plotted in Figs(a® and 9b) for
tions in Fig. 8, forl’=80. When the two layers are not sepa- selected values of the layer separatiia, at I'=20. The
rated, the positions of the peaks of the HNC pair correlatiorvalues of the structure functions takenlat 0 satisfy the
functions are the same as in the case of MD data. The heighperfect screening sum rule within the uncertainty of the cal-
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culations(see, e.g., Ref11)): IV. SUMMARY

S1(k=0)=—S,;(k=0)=S,. 7) In this paper, we have reported the results of molecular

dynamics simulations of strongly coupled, classical, sym-

The relation betweers, and the diagonall) and off-  metric charged particle bilayers. The simulations show a se-
diagonal(N) elements of the inverse compressibility matrix quence of structural changes as the separation of the two

[14] layers is increased. We also observe a substitutional disorder
at low layer separations and its gradual disappearance with
1 1 increasingd/a. Our calculations show that at highéwvalues
Sozzm tS) (e.g.,'=80) and at intermediate layer separations a very

pronounced long-range order, with staggered square particle

also makes it possible to obtaln—N as a function of the POSitions develops at intermediate layer separations 0.6
layer separation. The results obtained from the MD data, asd/a@<0.8. This observation is in agreement with recent
well as the results of the HNC calculations are displayed ifheoretical findings that the staggered square phase of the
Fig. 9(c), for I'=20. Good agreement is found between theb_llayer Wigner qrystal_ is the most stable amongst the pos-
two sets of data obtained by the different techniques. sible lattice configurations. _ _ _

The S;4(k) and Sy»(k) structure functions obtained from The intralayer and |nter!ayer pair correlation funct_|ons, as
the MD and HNC calculations are compared in Fig. 10,well as the structure functions are found to be in fair agree-
where the data are presented for=20. The agreement be- Ment with those obtained in previous hypernetted chain

tween the two sets of data is acceptable, the MD simulation§1NC) calculations. The MD data show that a more pro-
result S(k) functions with higher and sharper peaks com-hounced structure is established within and between the lay-

pared to the HNC calculations, in accordance with the dif-67S, compared to the predictions of the HNC method. The
ferences in pair correlation functions. structure functions obtained from our simulations are found
Based on the present MD simulations, the structure funclo Satisfy the perfect screening sum rul8,,(k=0)

tions could be determined only for tHe<40 range of the = S1Ak=0)=S,. The dependence d& and that of the
coupling parameter. We have encountered difficulties whefifférence of the diagonal and off-diagonal elements of the
we tried to calculate the structure functions at higher valuedverse compressibility matrix.(—N) on d/a show a good
of I', where the long-range order extends to very high agreement with the results of HNC calculations. The statis-
values. AtI'=80, in the staggered square phase the |ong:[ical noise of the molecular dynamics simulation and the
range order has been observed even at the limitiagralue limited range of particle separations/4) for which the pair
[(r/a)ma=17.7] in our simulations. In order to obtain the correlation functions could be determined, have restricted the
structure functions at these high valuesTofwith a good ~ @nge ofl" for which theS(k) functions could be calculated.

accuracy, the size of the systémumber of particlesshould
significantly be increased. Even in tle<40 range the cut-
off value ofr/a used in the evaluation of structure functions  This work was partly supported by Grants DE-FG02-
[Egs. (5) and (6)] had to be chosen carefully, to avoid the 98ER54501, INT-0002200 (G.J.K), OTKA-T-25989,
influence of the statistical noise of tlggr/a) functions at OTKA-T-34156, MTA-OTKA-NSF-28, and a Bolyai Grant
high values ofr/a. [The structure functions presented herefrom the Hungarian Academy of SciencgD.). We thank
were calculated using (a) cyior= 7-31] G. McMullan for providing additional HNC data.
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